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We present a new type of soliton solutions in nonlinear photoni systems with disrete point-
symmetry. These solitons have their origin in a novel mehanism of breaking of disrete symmetry
by the presene of nonlinearities. These so-alled nodal solitons are haraterized by nodal lines
determined by the disrete symmetry of the system. Our physial realization of suh a system is a
2D nonlinear photoni rystal ber owning C6v symmetry.
Symmetry is one of the most powerful and elegant on-
epts in physis. The use of group theory provides an
extraordinary mathematial tool to lassify solutions a-
ording to the symmetries of the physial system. In
reent years, the inreasing interest in physial systems
owning 2D disrete symmetries, suh as 2D nonlinear
photoni rystals or Bose-Einstein ondensates in 2D pe-
riodi potentials, raises the question of utilizing group
theory as an analysis tool. Certainly, this approah is a
standard in solid state physis. Its use in the topi of
photoni rystals is less extended and it has been tradi-
tionally onned to the lassiation of linear modes [1℄.
Its generalization to the nonlinear ase has beome of
great interest after the reent experimental observation
of fundamental and vortex solitons in optially-indued
2D nonlinear photoni rystals [2, 3, 4℄. In fat, attempts
to apply group theory to the analysis of this type of solu-
tions permitted the analytial predition of the angular
dependene of vortex solitons in 2D photoni rystals [5℄.
Following this approah, in this paper we will use group
theory as a general framework to analyze the role played
by nonlinearities in the realization of disrete symme-
try. We will see that disrete symmetry is realized dif-
ferently when nonlinearities are present and that a new
phenomenon of disrete-symmetry breaking ours. The
physial outome of this general proess is the generation
of a new type of solitons with lesser symmetry than that
of the original system.
So that, we start by analyzing the general problem of
nding stationary solutions Φ(x, y, z) = φ(x, y) exp iβz
of a nonlinear operator of the form:
(L0 + LNL(|Φ|)) Φ = −∂
2Φ
∂z2
, (1)
where L0 is a linear operator (depending on the trans-
verse oordinates xt = (x, y) only) invariant under a 2D
disrete point-symmetry group G and LNL is a nonlinear
operator depending loally on the modulus of the φ eld.
We are interested then in solving the following nonlinear
eigenvalue problem:
(L0 + LNL(|φ|)) φ = β2φ. (2)
Sine L0 is suh that [L0, G] = 0 (i.e., it is invariant
under the ation of all the elements of the group G:
g−1L0g = L0, ∀g ∈ G), all its eigenmodes have to lie on
nite representations of the disrete group G [6℄. What
we try to determine next is the eet of the nonlinear
term LNL in the symmetry properties of Eq.(2) solutions.
A solution φs of Eq.(2) has to satisfy the so-alled self-
onsisteny ondition, namely, φs has to appear as an
eigenmode of the operator generated by itself, L(φs) ≡
L0 + LNL(|φs|). From a symmetry point of view, the
self-onsisteny ondition implies that if φs belongs to
some representation of a nite group G′, then the entire
operator L(φs) has to be invariant under the same group,
[L(φs), G
′] = 0 (otherwise, L(φs) would not ontain in its
spetrum the representation where φslies on). We all
this property the group self-onsisteny ondition.
The simplest attempt to nd solutions of Eq.(2) satis-
fying the group self-onsisteny ondition is trying fun-
tions that enjoy the full symmetry of the linear opera-
tor; i.e., funtions that are invariant under G. Funtions
belonging to the fundamental representation of G sat-
isfy this property [6℄: φgfund ≡ gφfund = φfund, ∀g ∈ G.
Group self-onsisteny is satised beause g−1LNLg =
LNL(|φgfund|) = LNL(|φfund|), ∀g ∈ G;i.e., [LNL, G] = 0
and, thus, [L(φfund), G] = 0. Solutions that satisfy this
property are alled fundamental solitons and they have
been found in dierent systems of the type desribed by
Eq.(2). A less obvious hoie is the seletion of fun-
tions belonging to higher-order representations of the
same symmetry group G of the linear system. For 2D
point-symmetry groups, these higher-order representa-
tions an be either non-degenerated (one-dimensional)
or doubly-degenerated (two-dimensional) [6℄. Vortex-
antivortex solutions, appearing always as onjugated
pairs (φv , φ
∗
v), belong to two-dimensional representations
2Figure 1: Two nodal solitons for l = 1 (Λ = 23µm, a = 8µm,
γ = 0.006 and wavelength λ = 1064 nm): (a)-(b) amplitude
and phase, respetively, of the S nodal soliton; ()-(d) ampli-
tude and phase, respetively, of the A nodal soliton. Inset:
shemati transverse representation of a PCF.
of G [5℄. We note that the modulus of a vortex solu-
tion is a group invariant (this is a general property also
fullled by the modulus of funtions belonging to one-
dimensional representations of G). Sine |φGv | = |φv|,
then g−1LNLg = LNL(|φgv |) = LNL(|φv|), ∀g ∈ G and,
onsequently, [LNL, G] = 0 and [L(φv), G] = 0. It is
apparent that vortex solitons also fulll the group self-
onsisteny ondition.
Up to now, we have onsidered solutions belonging to
representations of G, the symmetry group of the linear
operator. For them, the self-indued nonlinear opera-
tor enjoys the same symmetry as its linear ounterpart:
[LNL(|φs|), G] = [L0, G] = 0. However, we ask ourselves
if solutions with dierent symmetry than that exhibited
by G an also fulll the group self-onsisteny ondition.
Let us assume a trial funtion belonging to a ertain rep-
resentation of a group G′ suh that G′ 6= G. Sine the
modulus of the funtion is G′-invariant, |φG′s | = |φs|, the
nonlinear operator is also G′-invariant, [LNL(|φs|), G′] =
0. If G′ > G, the total operator L(φs) annot have the
G′ symmetry beause the linear operator has less sym-
metry. The linear part of L(φs) breaks the G
′
symmetry
of the nonlinear part and the group self-onsisteny on-
dition annot be satised: [L(φs), G
′] 6= 0. Thus, we
disregard funtions with symmetry higher than G. This
senario hanges if one onsiders funtions with lesser
symmetry than G; more speially, funtions belonging
to representations of a subgroup G′ of G (G′ ⊂ G). The
dierene now with respet to the previous ase is the
following: sine the linear part is invariant under the G
group, [L0, G] = 0, it is also invariant under any of its
subgroups. Thus, it is also true that [L0, G
′] = 0. Sine,
as before, |φG′s | = |φs|, the nonlinear operator veries
[LNL(|φs|), G′] = 0 and, onsequently, the total opera-
tor is G′-invariant, [L(φs), G
′] = 0. The funtion then
fullls the group self-onsisteny ondition for the sub-
group G′. Therefore, this type of funtions an also be
solution of the eigenvalue Eq.(2) (note that solutions with
no symmetry also verify the group self-onsisteny ondi-
tion sine the identity transformation onstitutes a sub-
group of any group G). We annot guarantee that they
are indeed solutions until we solve Eq.(2) with the on-
straint φ ∈ D(G′) (D(G′) being a representation of G′),
sine the trivial solution (φ = 0) is always valid. In this
sense, group self-onsisteny is a neessary but not suf-
ient ondition. However, if these solutions are found,
they would be haraterized by the symmetry breaking
pattern G → G′ ⊂ G. In other words, we would say
that, for those solutions, nonlinearity breaks the disrete
symmetry of the linear system.
Our spei physial system is a triangular photoni
rystal ber (PCF), although similar results an be ex-
peted in other 2D photoni rystals. We study the prop-
agation of the eletri omponent of a monohromati
eletromagneti eld (at xed polarization: E = φu,
|u| = 1). PCF's are thin silia bers possessing a reg-
ular array of holes extending the entire ber length and
haraterized by the hole radius a and the spatial pe-
riod Λ of the photoni rystal ladding (see inset in
Fig. 1). When silia nonlinearity is not negleted, a
PCF is a partiular ase of a 2D nonlinear photoni
rystal with a defet (where guidane ours). In this
ase, L0 = ∇2t + k20n20(x, y), where ∇t is the transverse
gradient operator, k0 is the vauum wave number, and
n0 is the refrative-index prole funtion (n0 = n(silica)
in silia and n0 = 1 in air). The nonlinear term is
LNL = k
2
0γ∆(x, y)|φ|2, where ∆ is the distribution fun-
tion of nonlinear material (∆ = 1 in silia and ∆ = 0 in
air) and γ is a dimensionless nonlinear oupling onstant,
γ ≡ 3χ(3)(silica)P/(2ε0cn(silica)A0) (P is the total power and
A0 is an area parameter: A0 = π(Λ/2)
2
).
The symmetry group of a triangular PCF is C6v, i.e.,
[L0, C6v] = 0. This group is onstituted by disrete π/3-
rotations (Rpi/3) plus speular reetions with respet to
the x and y axes: θ
Rx→ −θ and θ Ry→ π − θ, in polar o-
ordinates. Solutions with the PCF C6v-symmetry have
been previously found in the form of fundamental and
vortex solitons [5, 7℄. We will fous now on new solu-
tions belonging to the subgroup C2v of C6v, formed by
Rpi, Rx and Ry. Thus, we study the partiular sym-
metry breaking pattern G = C6v → G′ = C2v. We
an expliitly onstrut funtions belonging to the four
non-degenerated representations of C2v out of funtions
in the two-dimensional representations of C6v. The lat-
ter funtions ome in onjugated pairs (φl, φ
∗
l ) (l =
1, 2), whose angular dependene is xed by symmetry:
φl = r
leilθφsl (r, θ) exp[iφ
p
l (r, θ)], where φ
s(r, θ) is a salar
3funtion, haraterized by φs(r, θ + π/3) = φs(r, θ) and
φs(r,−θ) = φs(r, π − θ) = φs(r, θ), and φp(r, θ) is a
pseudoesalar funtion haraterized by φp(r, θ+ π/3) =
φp(r, θ) and φp(r,−θ) = φp(r, π − θ) = −φp(r, θ). Let us
onsider the two following linear ombinations (l = 1, 2):
1/
√
2 [φl ± φ∗l ]). By writing the angular dependene of
φl, the new funtions adopt the form:
φlδ(r, θ) =
√
2rφsl (r, θ) cos [lθ + φ
p
l (r, θ) + δ] , l = 1, 2.
(3)
where δ = 0, π/2. The four dierent type of solu-
tions given by Eq.(3) belong to the four dierent one-
dimensional representations of the C2v group; i.e., in
Hamermesh's notation: φ10 ∈ B1,φ1pi/2 ∈ B2,φ20 ∈
A1,φ
2
pi/2 ∈ A2. Aording to our previous general ar-
gument, the φlδ funtions an be solutions of Eq.(2) for
a PCF. Therefore, we solve Eq.(2) with the ansatz given
by Eq.(3) by means of the Fourier iterative method pre-
viously used in Refs.[7℄ and [5℄ to nd fundamental and
vortex soliton solutions in PCF's. This method ensures
that the group representation is preserved in the iterative
proess. Starting from a seed funtion of the form (3),
the method either nds the trivial solution or onverges
to a solution belonging to one of the representations of
C2v.
Solutions of Eq.(2) of the form given by Eq.(3) are
indeed found. They are haraterized by nodal lines
determined by symmetry through the impliit equation
cos [lθ + φpl (r, θ) + δ] = 0 (l = 1, 2). For this reason, we
all them nodal solitons. The solution with δ = 0 or-
responds to the symmetri (S ) C6v ombination φlS ≡
1/
√
2(φl + φ
∗
l ) and that with δ = π/2 to the antisym-
metri (A) one φlA ≡ i/
√
2(φl − φ∗l ) (l = 1, 2). Note that
the φl funtion is not a solution of the Eq.(2) beause
the superposition priniple does not hold. This funtion
an only be approximated by a vortex solution in the lin-
ear regime (γ ≈ 0). Although the omplete struture of
nodal lines ould be rather intrinate, S and A nodal soli-
tons are haraterized by prinipal nodal lines: a single
prinipal line for l = 1 solitons and two orthogonal prin-
ipal lines for l = 2. In our simulations, we have found
this four dierent types of nodal solitons. Nevertheless,
we will show here results orresponding to the S and A
nodal soliton solutions with l = 1 only. In Fig. 1 we
show the amplitude and phase of S and A nodal solitons,
respetively. As predited by the nodal line ondition,
the l = 1, S nodal soliton presents a single vertial nodal
line, whereas for the A soliton this line is horizontal.
The role played by symmetries an be learly envisaged
by analyzing the diagram nsolvs. γ, where nsol = β/k0
for dierent soliton solutions. In Fig. 2 we represent the
urves orresponding to the S and A nodal solitons as
well as the urves for vortex solitons reported in Ref.[5℄.
In the linear ase (γ = 0), the superposition priniple
holds and, therefore, the symmetri and antisymmetri
ombinations of the linear modes φ1 and φ
∗
1 (the linear
Figure 2: Eetive index of a soliton solution, nsol vs the
nonlinear oupling γ for symmetri (dotted line) and anti-
symmetri (dashed line) solitons and vortex and antivortex
solitons with l = 1 (solid line).
Figure 3: Evolution of a diagonal perturbation of a S nodal
soliton (|φ′(x, 0, z)|2) showing asymptoti stability.
modes of vortex-type with l = 1) are degenerated so-
lutions. In the linear ase, all of them (S, A, φ1 and
φ∗1 modes) belong to the same representation of the C6v
group (l = 1, or E2 in Hamermesh's notation) and, for
this reason, they all have the same eetive index. The
presene of the nonlinearity hanges this senario. It
provides dierent options for the realization of the dis-
rete symmetry. Vortex solitons realize the disrete sym-
metry of the linear system, [L(|φ1|), C6v] = 0, whereas
nodal solitons break this symmetry into its C2v subgroup,
[L(|φS,A|), C2v] = 0. Consequently, their orresponding
eigenvalues are dierent sine they are no longer related
by the original symmetry that they enjoyed in the lin-
ear ase (γ = 0). Moreover, group theory predits that
the vortex and antivortex solutions must have the same
eetive index as they provide the same total operator
L(|φ1|) and they belong to the same representation (E2)
of it. This is not the ase for nodal solitons. φS and
φA are not in the same representation of C2v. This fat
immediately implies that its orresponding eigenvalues
must be dierent. Curves in Fig. 2 expliitly manifest
this feature. For small nonlinearities, all urves appear
as nearly-degenerated, but as the value of γ inreases, a
growing gap between nodal solitons and vorties ours.
Even larger values of γ permit to manifest the existing
gap between the S and A nodal solitons.
4In order to hek the stability of nodal solitons we need
to solve the evolution Eq. (1) after perturbing the solu-
tion: φ′S,A = φS,A + δφ. The stability analysis follows
that of vortex solitons in Ref. [5℄. In there we intro-
dued the onepts of diagonal and non-diagonal pertur-
bations. For one-dimensional representations, a diagonal
perturbation is dened as that that preserves the repre-
sentation in whih the solution lies on. In the present
ase in whih φS and φA belongs to the B1 and B2
one-dimensional representations of C2v, respetively,
this denition implies that φ′S ∈ B1 and φ′A ∈ B2. Ex-
pliit examples of suh perturbations are saled solutions:
φ′S,A = (1+ ǫ)φS,A, ǫ 6= 0. Evolution yields numerial ev-
idene that nodal solitons are stable under suh pertur-
bations, as shown in Fig 3 in whih a diagonal perturba-
tion (saled solution) is applied. However, non-diagonal
perturbations, taking the perturbed solution out of its
original representation, provide instabilities. These in-
stabilities are of the osillatory type, as shown in Fig.
4, and they an be understood as a simultaneous os-
illation among modes belonging to all the representa-
tions of C2v. This instability pattern, however, shows no
trae of pseudo-soliton ollapse nor of transverse ejetion
of pseudo-solitons typial of Kerr nonlinearities in ho-
mogeneous media treated in the paraxial approximation.
This partiular behavior was rst observed in vorties in
PCF's [5℄. Sine the self-foussing instability seems to
be rooted in the paraxial approximation [8℄, a plausible
explanation of its absene is the non-paraxial nature of
evolution in this ase. Absene of ejetion an be qualita-
tive understood by the inhibition of transverse radiation
indued by the photoni rystal ladding.
An interesting interpretation of nodal solitons is as
interating pseudo-solitons. It an be proven that a S
nodal soliton an be written as φS = φ0(x+x0, y)−φ0(x−
x0, y), φ0 being a loalized funtion in the fundamental
representation of C6v. In the ase that φ0 is a suiently
loalized funtion (large nonlinear oupling γ or strong
lattie index ontrast), φ0 an be approximated by a fun-
damental soliton solution. Then, a nodal soliton an be
envisaged as a pair of weakly interating pseudo-solitons.
Like in an homogeneous medium this interation is re-
pulsive [9℄. In our ase, nor γ nor the index ontrast are
neessarely large, onsequently, the soliton-soliton inter-
ation annot longer be onsidered weak. However, the
group theory antisymmetri deomposition in terms of lo-
alized solutions in the fundamental representation of C6v
remains valid. In this way, the onept of nodal soliton
generalizes the idea of interating pseudo-solitons into a
regime of strong partile oupling (intermediate γ and
index ontrast). In the weak soliton-interation regime,
new soliton solutions have been reently found that an
also be interpreted in the ontext of group theory re-
ported in this paper [10℄.
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